Selection

Your time is limited, so don’t waste it living someone

else’s life.
-Steve Jobs
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SSE

Mallow C,= . —n+2(p+1)
F
Mallow C, 2X0| 2EH= T2t ZAlet 2 E2 2|3 2= HEeltt,

01%5| O] oM 2} 2HY

1

(012X 27) MSE(F) = 6> 010 2o B30| HESHHH €, ~ (p + 1) Mallow C, & 42| 7%
+1(RH); L} .

¥ i-ET BEXIZ HOlEt 3 DS 2Wst 5 Tt F4H4 y0] HEK)

i-HT) 2ER| R|Q| FHRE = (3, — §ip)

(F)ZFAS, Mallow , PRESS S22 0/ 2 of @ #4 250| Z2X|ofl T3t X ZBHS X

Hp0| o|M2 ANYE|X| AUCE.

AlC(Akaike Information Criteria)
AIC =n*In(SSE/n)+2(p — 1)
SBC(Schwarz's Bayesian criterion)

SBC =n*In(SSE/n) + (p — 1)in(n)
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E X”X(P+1)£)(p+1)xl T €

EHE §§T,. DHHE SSR(df =p) , LAMAE SSE(df =n—p—1)

Reduced Model

RO - S5 dYHS0F ROISHXA| gLt ROlSHK| 42 dYHS Il =p —k
2y :_yn><1 = an(k+1)é(k+1)x1 +e, HHH BE x = (ptAs )8 ' <ip
EHE SSTp. DHHE SSRp(df = k), LAMHS SSEdf =n—k—1)

AESAHE

SSR,. — SSR,
MiSEER 2%

=AL| AR = R/ Qs £0{=

SSE, — SSE,
MSE;

S GO i) S 2y

9| =7} =Lt

= fyll 29| Y=t reduced 22| MHHZO| 0|7} Ko|&l7

2t xEhsHA| EICt,

_|

nx

=24
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Z7t X}&eH(Extra Sum of Squares) 2|

° Y < Reg(X;, X, Z&8HE
SSE(X,, X,)

SSR(X2)

slH2g &8 Hot

Sequential SS, Type |

S|2H M oIZS2Y =M THE : SSR(X, | ), SSR(X, |, X,), SSR(X; | u, X1, X,)
o &N =AMOf| IhE dHHF2| X107t AZ
o SN 2ol =2 AL EICH

1= OSSR [uive e

Type Il &+0[StCL,

Type llI: marginal or orthogonal , partial

i SSRGS .

S PSSR DG o)

) S SSROGHRIPEE SXE)

& D
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X, = 2lstX| 4Lt Hy; g, = 0 [Reduced Model]

CiEi7rd - 2=l 20| MAESITL. [Full Model]
(SSEI K
HYEHZ: TS = e V] o R |
MSEfull

I
=

EXte| XA RE7H1QI R F(1,n) ~ t2(n)0| 22 7HH 5| 7{A|=0f| Ci$ t-AE 1}t SLstCt,

ol

=28 Xrs HR/HEM 2™EN S4F 29| T - (7|M= 1Y

HE7H  olsH= X, X, BE5E= |2stX| 2t Hy; B, = B, = 0 [Reduced Model]
CHEIZHE - d8E Z0| A5, [Full Model]
(SSEL NSRS W
duced e A MR
MSEfM”

=
I

A™MEAZ .

BB AX 7|4 Coefficient of Partial Determination
X,0f olaff M| 2
A

CETE
Z0| Felot 0|5 R& 28 A2t oL,
, _ SSR(Xp,X;|X)) = SSR(X,, X, X3) ~ SSR(X,) _ SSE(X,) ~ SSE(X;, X,, X3)
SSE(X;)
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251US smsa_clean(®@|0|X| 37)

import statsmodels

.api as sm
y=smsa_clean['mortality_index’]
X=smsa_clean.drop(columns=['mortality_index’,'southern’])

scikit-learn 222 Ko=E0| 2H

QOIS 10%0IM 22

rol

Tl

=5

L—

A
ey

o

O SHAE SN o2 Melsts A=Y

while (len(cols)>0):
p= (]
X_1 = X[cols]

pmax = max(p)

else:
break

#Backward Elimination
sig_level=0.1; cols = list(X.columns); pmax =1

X_1 = sm.add_constant(X_1)
model = sm.OLS(y,X_1).fit()
p = pd.Series(model.pvalues.values[1:],index = cols)

selected_features_BE = cols
print(selected_features_BE)

feature_with_p_max = p.idxmax()
if(pmax>sig_level):
cols.remove(feature_with_p_max)

> ['Jjan_temp’,

‘'rainfall’,

'education’,

'non_white_ratio_sqrt’,

HAEd EHOM= ME

'"NOxPot_log']

&2
rr
[
e
ol
-1
(@)
—rl
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xzlatel

import statsmodels.formula.api as smf
def forward_selected(data, response):
remaining = set(data.columns)
remaining.remove(response)
selected =[]
current_score, best_new_score = 0.0, 0.0
while remaining and current_score == best_new_score:
scores_with_candidates =[]
for candidate in remaining:
formula = "{} ~ {} + 1".format(response,’ + "join(selected + [candidate]))
score = smf.ols(formula, data).fit().rsquared_ad;
scores_with_candidates.append((score, candidate))
scores_with_candidates.sort()
best_new_score, best_candidate = scores_with_candidates.pop()
if current_score < best_new_score:
remaining.remove(best_candidate)
selected.append(best_candidate)
current_score = best_new_score
formula = "{} ~ {} + 1".format(response,’ + "join(selected))
print('selected variables :' selected,'n’)
model = smf.ols(formula, data).fit()
return model

df=smsa_clean.drop(columns=['southern’])
model = forward_selected(df, 'mortality_index’)
print(model.model.formula,’\n’); print(model.rsquared_ad)

[» selected variables : ['non_white_ratio_sqrt', 'education’, 'jan_temp', 'NOxPot_log'’
mortality index ~ non _white ratio sqrt + education + jan_temp + NOxPot log + rainfa

0.7297682020409422



M2 AT D3E 2 5 £|& DE MESI XS = MAE(Mean Absolute Error ),
MSE(Mean Sqaured Error), RMSE(Root Mean Sgaured Error) Lt =M ZX7|4 21S H|wstC},

MAE = )’ |y, = 9,1/n, MSE = ) (y; = $)*/n, RMSE = \/MSE

MEL XNZ(ERI7| o+ ) $E6ID ZHO| 0SS CHS W0 ofsh AlAks10] 2t Z¥S H w3t
Ct. Mean Square Prediction Error 0| 2X} ot AtS e
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train and test split
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Dataset

Training Testing Holdout Method

Cross Validation

Data Permitting:

Training Validation = Testing Training, Validation, Testing

cross validation Z L 0|

=H H|0|E2F A4S H|0|E{e| AZTI0| F212|7F Ot A2 A7 E4sict. =& H|o|E7F £F H#H2l0]
Olsff =0 UACHH DpAet =H|7F LUSITE oS S 5| 25+F0] =2 EHO0| =8 H|0[E

OHO| ZLorE|] QUCHH?
K-Folds Cross Validation

o K-Folds Cross Validation0|M =2 H|O|EHE k 74| CIE B2 e =2 l—f-EEf. k-1 22 &gt
AtE5H0] H|O|HE =3 A|7| 10 OfX|ef E2 Tlet=2 HAE H|0|H=Z
kl:ll_-l 7‘|I4 71|ME| I‘lE.l'E u4 % |

O o
SH 0|0|E MEE 2 5HA| &0 O Ef% 7:.% E1|0IE1 MIEO| CH

s Zzsict,
D Validation Set
- Training Set

Round 1 Round 2 Round 3 Round 10

Validation
Accuracy:

Final Accuracy = Average(Round 1, Round 2, ...)
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L1 and L2 Regularization

xS 2H|2 1A | 5t A 2| =0l sliehEICt 052 35d I8
Norm

Poimt P1 = (1,1)
HE{o] 37| B2 £ WE9| /2|2 5 0
peselaEESe) eI p=0| A== A=
O|2} StCF,

s
3l \
|
|
e

-— —N Point P2 = (5.4)

(P T
5 L2 k:,': : %%E“:l?_l-(EUC|eadlaﬂ) 7‘|E|O|E|‘ Euchdean distance = Wo(S-1)+ (4-1) 5

B W N = O

o L, & : M5t (Manhattan) 7{2/0]Ct,

Manhattan distance = 2-1] + |4-1] = 7

n
i 1/p
1X,11= (X 1D

Regularization H+tst, &gtst 7 ' | R

« Data simulated from f

P . « Truef
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Loss function &4t L(y, $,)

FF>

I—1 Is':!- L(yl’yl) nr Z |yz yl

| east absolute deviations(LAD), Least absolute Errors(LAE)

L2 288 LGL5) = ) 0= $)*

)
Ot 2AISIAE ALRSE 7401717 O|AX|7F ZXlicte AR O|AX|of| & 2IZSH (resistant to outliers) L1
EMB47F HASILL 0120| 7Hsst(48} @itto] B0Ig) Ya| HoFl 2Ezof Bot 2 248 HBst
= L2 &80t 7H8 g2 A EILL

L1 Regularization
Lasso Regression (Least Absolute Shrinkage and Selection Operator)
M3 OLSWL(y,5)) +4 ). 15
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L2 Regularization
Lasso Regression (Least Absolute Shrinkage and Selection Operator)
EME OLSWL(y,5)) +4 ) |57

A=00]™ OLS g1 Lt A7t HX|H SHF0| &8

HZst= drtet 0|t

I MSE
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Features Enginerring

e

(D Feature AMEH

Feature =% lE= Feature Lk F0{ol= HOZE &L H(F 2 45)e EREetE MEfsIALE,
=L QB Rs5HK| 42) Ha=2 M6t H2o| X (7Hl4) S =0| =0 '

=
Decision Tree €2 42= E2|Q| ATt

= o
E WZ == U0} A 2Ee| 4200= 7e

Ofm
:Cl)g
[
Sofl e
R
L
o
o
olr
ol
A

Feature MEI7 |0l = A2tEA0f REIT|EEEEOI | asso Regressmn
tion, Tree-based Model, (Logistics) Discriminant Analysis 0| ULt

ecursive Feature Elimina-

@ Feature ==

2UH[0|H HaF2| TN 2 |E &85101 MER W4 E MASHHLK XIS S7HE MAIRIS] MER
S E XHFA) HpS 79| M2 +~Z HE FAFY M2 510{ FeatureZ EIMSICE PCA, SVD
A SA g T 017(0f sliEst, A2t felst i+ S PF== Canonical Correlation Analy-
sis(CCA) S0| Feature & 14| & Z0|C}

LASSO

I:-||O|E-| 12 S (shrinkage) - 388 B# L2 45} ot0{(L1 st oL S(L(y,,y,))+/12I 1) =
HHL0| QoF2 B0 DX =(EEHs HES E0H & HYstE) o|SH,E MEISHL TISaMd 2
M| ZICHSH=H E AFZ I,

LUBE OLS(L(y, ) + 4 ), 1418 Bl2stBHe 22 Y 14| < sHt 22 BH0lIA OLSO| SSES

A =00 2= 0|FH 3| A5=7t 00| £|0] 2= Of|FH 4= MAEICE
A7t &7t 28 H0l= 76t NAHE= 0| E#H 42| /4= HOpTIrt
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Minimizing Information Criteria
AIC, 40, = nin(e' e) + 2df, ;400 BIC, 40, = nin( e e) + 2df,;4,,ln(n)
dfyiqee = 1r(X'X + 212 RIRE, OLSS| B dfy, s = tr(X'X) = pOICt.

SEH40| WSO Chat oS H40| MYRI0| 2T SAHZRI F-EXY| 27|2 MBR| £ LS
MEBIT
5|72 i MEhe f regression 0|0 F-E7{20] O3 w4 MEHEICE k S42 /T Rol3)
4 7H4 0|0 CIZBELS 100|Ck FCh 4ot Qol5t s 4 chart

Orok H=od LHE MOl Fo|6t Of|ZSHZ MENSHE 49 chi2E AFESID y= EHEA| H4=0[0{0}
SHCE v = np.array(y).astype(int)

Import numpy as np

from sklearn.feature_selection import SelectKBest

from sklearn.feature_selection import f_regression
y=smsa_clean['mortality_index]
X=smsa_clean.drop(columns=['mortality_index’,'southern’])

bestfeatures = SelectKBest(score_func=f_regression, k=12) #default k=10
fit=bestfeatures.fit(X,y)

dfpvalues = pd.DataFrame(fit.pvalues_)

dfscores = pd.DataFrame(fit.scores_)

dfcolumns = pd.DataFrame(X.columns)

#concat two dataframes for better visualization

featureScores = pd.concat([dfcolumns,dfscores,dfpvalues],axis=1)
featureScores.columns = ['Specs’,'Score’,'pvalues’] #naming the dataframe columns
print(featureScores.nlargest(12,'Score’)) #print best features
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=

N OO KM U OV We -
o w

Specs

non_white_ ratio_sqrt
education
rainfall

S02Pot
person_houshold
july temp

white color ratio
household income
NOxPot_log
pop_density log
HCPot

humidity

Recursive Feature Elimination

rr Jio

T H
_|_|_

(ﬁE,

(@)
s
)
_I_

oI5t #H 4 57l(selector M) 7|10
2k ol 27 H[EOIH|E R|Z2, NOxPot_Z3)0|C},

Score
37.311710
19.835157
13.161437
12.146227

8.929179
6.585786
5.208119
4.973858
4.842531
4.699521
2.016938
0.588325

Qol5tx

pvalues
9.553316e-08
3.990515e-05
6.117124e-04
9.532634e-04
4.134816e-03
1.293209e-02
2.623373e-02
2.968668e-02
3.183295e-02
3.436113e-02
1.609993e-01
4.462331e-01

y=smsa_clean['mortality_index]
X=smsa_clean.drop(columns=['mortality_index’,'southern’])
from sklearn.feature_selection import RFE
from sklearn.svm import SVR
estimator = SVR(kernel="linear")
selector = RFE(estimator, 5, step=1)
selector = selector.fit(X, y)
print(X.columns,’\n’, selector.support_,\n’,selector.ranking_)

B

Index(['jan_temp',

'white_color_ratio’,
'S02Pot ',
'NOxPot log' ],
dtype='object')

"july temp’',

'pop _density log',

"humidity',
'person_houshold’,
'non_white ratio sqrt’,

H2 &MO2 M AHsIRIC

'rainfall’,

b2 571 H

'"education’,
"household_income’,

'HCPot',
'population_log',

[False False False True True False False False False False True True
False True]

[ 9

7 5 1 1 3

410 8 6 1 1

2

1]
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LASSO Regression

Dimension Reduction of Feature Space with LASSO

Linear Regression Cost funcuon

Lasso Regression Ridge Regression

IBsf+ [P =t

Bi+pi<
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=& HZESHnormalization) SHALY.

from sklearn import linear_mode|
import matplotlib.pyplot as plt

y=smsa_clean['mortality_index’]
fit=lassoReg.fit(X,y)

plt.title('Reg. Coefficients of (Motality)’)
plt.plot(fit.coef ); plt.show()

lassoReg=linear_model.Lasso(alpha=0.1, fit_intercept=True, normalize=True)

X=smsa_clean.drop(columns=['mortality_index’,'southern’])

gl Al 27171 2
7t AChk= AS OIUIQEP.) 57 Of| FH -5 =Bt
)

uWs7|Zh QIFEE 23

Reg. Coeeficients of (Motality)

20 -

10 A

-
-
-
—
—
-

var_nm=pd.Series(X.columns,name="Var’)
coeff=pd.Series(fit.coef ,name="Coeff’)
res=pd.concat([var_nm,coeff] axis=1)
res[abs(res['Coeff'])>10]

Var
4 education
6 person_houshold
10 pop_density_log

11 non_white_ratio_sqrt

13 NOxPot_log

Coeff
-10.696803
-21.711816
9.619333
28.299255
18.048101
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4 Med gof
FEIHAH

> ['jan_temp', 'rainfall', ‘'education', 'non_white_ratio_sqrt', 'NOxPot_log']

[» selected variables : ['non_white_ratio_sqrt', 'education', 'jan_temp', 'NOxPot_log'
mortality index ~ non_white_ratio_sqrt + education + jan_temp + NOxPot_log + rainfa

0.7297682020409422

Univariate(&2 4 71E {2|d) LASSO

C» Specs Score pvalues
11 non_white ratio sgrt 37.311710 9.553316e-08
4 education 19.835157 3.990515e-05
3 rainfall 13.161437 6.117124e-04
9 S02Pot 12.146227 9.532634e-04 .
6 person houshold 8.929179 4.134816e-03 education’ ~10.636803
1 july_ temp 6.585786 1.293209e-02 person_houshold -21.711816
5 white color ratio 5.208119 2.623373e-02 B
7 household_income 4.973858 2.968668e-02 pop_density_log 9.619333
13 NOxPot log  4.842531 3.183295e-02
10 pop density log 4.699521 3.436113e-02 non_white_ratio_sqrt  28.299255
8 HCPot 2.016938 1.609993e-01
2 humidity 0.588325 4.462331e-01 NOxPot_log  18.048101

Recursive gt

(['jan_temp', '"july temp', 'humidity', 'rainfall', ‘'education’,

'white_color_ratio', 'person_houshold', 'household_income', 'HCPot',

'S02Pot’', 'pop density log’,
‘NOxPot_log'],

‘'non_white ratio sqrt', 'population_log’',

olH|l€ A& NOxPot 21, 7}7&l olz28l

&, THAS, RIS, 7174

n



