Categorical Data Analysis Ch. 4 Log-linear Model
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Categorical Data Analysis Ch. 4 Log-linear Model

2=0 ot Y=C
=o; 435 147
O At 375 134

ldata one;
input gender § postdeath § £ [@:

cards;

my 435 mn 147 £ v 375 £ n 134

rumn;

lproc fregq data=one order=datsa;

weight £
tabhle gender*poatdeath/chisg nopercent nocol exXpect:
rumn;
gz
DIHESE .
HMES|y In | =
i | 43| 147|582
432.1 | 149.9 |
74.74 | 26.26 |
f | 37| 134 | 509
gl 13|
7367 | 26.33 |
=g "~ g0 281 109
== MERZ ol =HEQ
01 Ml = 1 0. 1621 0. 637
SoH| FHIHS i 01620  0.6873
72=016(df =1) 0122 AHo X0l= gitt

4.1.1. Independence model

gtob & H CtSt ZCh

=2t =8 = Jt8otd () 22 JIE =2l Log =

Inmjj =Inn+Inzi, +Inz;
M H(ZEHCZE S8 BHx)E X, € B2 (55 )Yt ofH A2 A2

Log-linear model of independence Inm;; =y+ﬂix +/1YJ- --(1)

where A% =|nﬂ¢#—(znnﬂh+)/|, A =Inz,j—(EInz.p)/d,
Inn+(ZIn7zh+)/I+(Zln7z+h)/J '
Mok =A zzx =3 A _o
D2 A4 = B0 U8 ®X}(deviation)O| Ct
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Categorical Data Analysis Ch. 4 Log-linear Model

In; =t ob =C}
=P\; 6.069 5.010
o4 Kt 5.935 4.876

2X2

A
o

H9l Z2 Independence model 2] 2% JHA2
mpym
N0 =In(—2—22) = Inmyq +Inmy, —INmy, —INmy,
M12Mag
X Y X Y X Y X Y
=(u+A0 + 4 )+ (u+dy +A2)—(u+Ag +A3)—(u+25 +41)=0

+=E2 0 22 oA
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0z
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>
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CATMOD)2 2 242 =X& 2 QIC

u 2 3 M 2}
S 1 4.876 0.134 0 1.059 0
S 2 6.069 0 0134 0 -1.059
S 3 5.472 0.067 -0.067 0.529 -0.529

8 292 B0 Inmp =pu+A8 +15 =4.876+0.134+0=5.01=In(149.9)
JelD o gHeS AIRSHH2AE 2012 =S M(main effect)E LEIHE 242t XH0l=

A

StA SUBICH K12 SOl A —A% =1.059 0ICH. D222 |né=|n(1” )=1.059 0|2 odds
—-7T
- = A _ 4 134
ratio © EEZ = €10 _2830I0) (2x2 SEE LH D == explox13Y)y,
(375x147)
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Categorical Data Analysis Ch. 4 Log-linear Model

4.1.2. Saturated model

grof H=2H0l S8 0l d8otAl E=0 JtEokAt
i nj I
Jdeld ng =Inm;;, n; :J—, n,;,=——, L | b =
L] ij i+ J +j | H ++ %]

A=n -, A =ng-n, A =n-n, -ngj+n 2 18 OIS 201 S & ACH

Ig mj; :,u+lix +ﬂ,}< +2,i)j(Y CHleE =2 lev _Zﬂxv _0 (@)
i

240 Ma p 1 W, A FEY HIBEE 24 £ (1), A £ (1), A = (-)XE-1)
0122 & 22 2= 1J JHOICH 0] 2 249 £t I RO8=2 “@ FCi'= 209

saturated model 0| 2t StLI.

(cf) Independence model = reduced model (F2t&0] d8& 3R) A (1)

Saturated model = full model & (2)

§ 7C—>|' =< t=) =]
SOl( Xt S0t Hi=) TSt sHA0l ol 2010
Zj:nij 2. Njj ZZJ:nI]
I
el nj =Inmy, My =50 My == M=y == b =4l

Qo] @S 1 Xf(interaction) 80l U= two-way ANOVA D& I S25ICH X = R0
Chet X022 eror AX 0018 i 8 AS9o JHI(EZ log JIHEIZO BR)= M
FEH JIHXE0 =0

Sehyug Kwon, Dept. of Statistics, Hannam Univ. & 79
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Categorical Data Analysis Ch. 4 Log-linear Model

Saturated model 2| 22 == 1+(1-D)+(J-D)+(-DI-1)=1J 0l independent

model o 2% #E 1+(1-)+(-1)=1+J-10/1 2% RE XV =00/8 £ Bl N2
S20ICh
2X2 S HO A2 Saturated model 2] 2% &2

myym
Ind = In(—1=22) = In Myq +Inmy —Inmy, —Inmyy
My2Ma1

—(y+/7.1 +/11 +/1 )+(,u+/12 +/12 +122) (y+/11 +/12 +ﬂ ) (y+ﬂ,2 +/11 +/1 )
Ay Ay Ay
Z2A 2 =2 =00 Adh A =43 =-A% =25 > logo =42
i j

Jeiez A =0(=2)0l® Odds ratio = 1 0/ T (Recall: S|

X_ X mi:
/A! (Z)E m|J p(/l+/1| +/1J +ﬂ|J )O|—, g é"% 7Z'|J _ ] =
2> Mgy
exp (y+ﬂix +l}( +ii>j(Y )
TTii =
. ZZeXp(erﬂiX +ﬂ}( +/1i)j(Y)
IxJ E2ENAMNE (-D)x@-1)MS 24 2402 S=SCX $H HoAFE £ JAD SEH
2 (IF)xP-1))HS 2+=0] 0 CIXE HEECH OHEZ 2X2 HiMeE 1 i 20t
odds ratio £ Z &stL}.
ChSe OH UHE2(2x2 28 H)9 AN 23 2422 =HE oloICH
XY XY XY XY
A1 A1p A21 A2p
gred 1 0.056 0 0 0
e 2 0.014 -0.014 -0.014 0.014
8t 3 0 0 0 0.056
InO =2 +23) -2y 25 =0.056 > =00 =1.057
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Categorical Data Analysis Ch. 4 Log-linear Model

4.1.3 SAS ALE CGIAI

data one:;

input ® v wt [AQ@:

cards:

11 435 1 2 147 2 1 375 2 2 134
run:;

title 'independent model':

proc catmod data=one:
weight wt!
mode 1 x*y=_respnnse_fml pred=freq noprofile noresponse nodesign:
loglin = ¥v!

run;

Litle 'saturated model':

proc catmod data=one:
weight wt!
mode 1 x*g=_respnnse_ﬁml pred=freq noprofile norespohse nodesign;
loglin x v x*vy:

run:;

[Independence model]

dnalysis ot Maximum Likelifood Estimates

standard Chi-
Ef f ect Parameter Estimate Error SOuare Pr = Chisg
® ] 0. 0670 0. 0303 4.88 0,027
Y 2 0.5293 0.0346 29,83 <, 000 75page
Mazimum Likelihood Predicted Yalues for Besponse Functions
—————— Nbseryved Predicted-——-—-
Funct fon atandard Standard
Number Function Error Function Error Resgidual
] 1177506 0,0933 1.192702 (. 092065 -0,0152
¢ 0.092693 0.119433 0, 134022 (. 0E0RSE -0.04143
3 1. 029086 0, 100645 1. 05868 0.069234 -0,02959 76page

Mazimum Likelihood Predicted Yalues for Frequencies

——————— Dbserved Predicted-————-
standard standard
® W F requency Error F requency Error Fesidual
] ] 435 16. 17276 432,099 14, 45522 2.901008
] ¢ 147 11.2780 149.9M g.796712 -2.901m
e ] a7E 15,6877z 377,900 13,9671 -2.9010m
¢ ¢ 134 10, 84167 131.099 7.963844 2.901008 74page
-'I'- Sehyug Kwon, Dept. of Statistics, Hannam Univ. & s
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Categorical Data Analysis Ch. 4 Log-linear Model

dnalvsis of Maximum Likel ihood Estimates

atandard Chi-
Ef fect Parameter Estimate Error Square Pr = Chi3g
¥ 1 0.0603 0.0347 3.02 0,022
Y 2 0.5285 0.0347 Zacag il
wy 3 0.0140 0.0347 0.16 0.6873 74page[12]
Masimum Likelihood Predicted Yalues for Response Functions
—————— Observed Predicted-—-
Funct ion Standard Standard
Mumber Function Error Function Error Residual
] 1. 177506 0,0933 1. 177506 00,0933 I
¢ 0.092693 0.119438 0.092693 0.119438 I
3 1. 029086 0. 100645 1. 029086 0. 100645 0
Mazimum Likelihood Predicted Yalues for Frequencies
——————— Dbserved Predicted———-
Standard Standard
w Y Frequency Error Frequency Error Fesidua |
] ] 435 16. 17276 435 16. 17276 1.16E-10
] i 147 11.2780 147 11.2780 1
2 ] 375 15,6877z 375 15,6877z 0
i i 134 10.84167 134 10.84166 -196E-12

I &% &5 T= ZLC}. (saturated model)

4.2. Log-linear Model for 3 dimension

ol 2H AFUHM SRS A2 s Y=(predictor)2t S X H==(control variable)E
= =]

S =2 ofttel 23 B 2to] ZHHE

of 2
oipe [ 1 AU AES 0K H(covariate)S ZHIOF BCL KIS SO 24F
of y .

e =
MBS 2% 29 Y S2 IO B0

4.2.1. Partial Association
B0 3HX, Y, 2)011) 25 HH(EFE)02H O 2&HE 2= = UL 0 &=
Z o gtol et Xy 2 ?
controlled & A Ct1D StCY.

p
ot=0l 0l 22 z= FAILHACID 2CH
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Categorical Data Analysis Ch. 4 Log-linear Model

4.2.2. Death Penalty Example

CtS Table 5.1 2 Radelet(1981)2 2x2x2 & HEZ A0l At212| T| 1 (defendant) IS0l
& AIE TrZ(death penalty)2l X0l= U=sXl LOtEDX ZASH XtZ0ICH & 2=X
== 326 3. SXH=aE= Death penalty, & 38 2= Defendant race, _12l1] control & ==Jt

victim race Ol C}.

Table 5.1 Death Penalty Verdict by Defendant’s Race and Victim’s Race

b Death Penalt
Defendant’s Victim’s i omam. Percentage
Race Race Yes No Yes
White White 19 132 12.6
Black 0 9 0.0
Black White 11 52 17.5
Black 6 97 5.8

Source: Reprinted with permission from Radelet (1981).

WL 8tA o2 Victim(LIHAHSl 2IEE FAlotl 8 At"g A& 22 AIE HISO0ICH
o

S019 At T HIE2 < 10%, #olo| AFE & HIE2 12%Z =010

Table 5.2 Frequencies for Death Penalty Verdict
and Defendant’s Race

Death Penalty

Defendant’s Race Yes No Total
White 19 141 160
Black 17 149 166
Total 36 290 326

L victim Q1S E 4ot 2AL Victim 0 2801 I Il 2| &t

4.9%(=17.5-12.6) =11 victim 0| S/ [ L SIX HOICl At

5.8% Lt =

ot o & B 2tol 2ol Yet0l Hot=It? Table 5.3.2 2 AL
o)

e
Jon
e
10
=
o
e
H
c 0

victim @12 control ot

Table 5.3 2| Odds ratio £ H&E Mz A0l 0 o 40 JUAH 2 &0l 05 2 HGHG
HASHACEH Marginal (victim Q1B 0| 2Al) 2t &HEH Defendant Jb #0101 AL
S2C AFY & 22 Jts&2 1.18 HHOICt Partial (victim 2] 21E0| contro)2 2™

victim C1Z0| @olol Z2(Levell) Ol defendant AIE AE Jts&2 =012 0.67 i,

79 BHZ marginal 2| Zut2t BtCHIF =L Ol o D2 victim
2 (0]

victim 0] S0l &H=L
[e]

0.
OIE=1 defendant @1Z 2t°2] odds ratio 2 2t0l O =Ch = victim BHQIQI

i}

defendant 28210| Q!0 Hloi 25.99 b Ol Ct.

-'I'- Sehyug Kwon, Dept. of Statistics, Hannam Univ. >
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Categorical Data Analysis

Ch. 4 Log-linear Model

Table 5.3 Odds Ratios for Death Penalty (P), Victim’s Race (V), and

Defendant’s Race (D)"

Variables
Association P-D P-V D-V
Marginal 1.18 2.71 25.99
Partial Level 1 0.67 2.80 22.04
Level 2 0.79 3.29 25.90

*The value 0.5 was added to each cell frequency before calculation of odds ratios.

victim @IE0| Bol0] 1 HHolo] Hols 0l AoHotE=Z victim UE2E UHGHA
HO™ BHOI0] SQI0 Hloh AFE & 22 Jts4d0l =010 ZBEXS = UL victim
o1FEZ2 1dotH dide2 ZetkliCh OS2 marginal Bt partial 2 e X0IE 20HE
20ICt. =12t0l= defendant 21E b victim °1E°2| ZE M 2=X AJI0ICH OIZ A
marginal 3t partial 217t €etXl= B E Simpson Paradox 2t StCt.
Percent
Receiving
Death Penalty
20 |
15 |-
Marginal .
\4/ effect
10 | e
5
0
7
White Black
-'I'- Sehyug Kwon, Dept. of Statistics, Hannam Univ. & s
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Categorical Data Analysis Ch. 4 Log-linear Model

4.2.3. Independence &

Ha X, Y, Z2 300 RUACHD IJtEGHA.

Table 5.4 Summary of Independence Models

Probabilistic Association Terms

Model Form for 7, in Loglinear Model Interpretation

(E10) T T TR None Variables mutually independent
(5.12) T T rs AT Y independent of X and Z
(13) 1y WesToun!Thi ANZ 4+ A/’Z X and Y independent, given Z

4 (5.10)2 mutual independence = log-linear model log(m;j) :,u+/1ix +/1]( +A§
4 (5.12)2 log-linear model log(m;y) =u+ At +ﬂ]( +ﬂf +ﬂi)|((z
A (5.15)2 log-linear model log(mij) = -+ A" + 2§ +Af + 47 + 2%

4.2.4. Marginal vs. conditional Independence

as |

—/

0F
0x
AL

o
40
o
=
fu
ol
Qﬂ
=

(e UBE B2 X(EY), Y(ASEE), Z(H2)9 o

[

Table 5.5 Conditional Independence Does Not Imply Marginal Independence

Income
Major Gender Low High
Liberal Arts Female 0.18 0.12
Male 0.12 0.08
Science or Engineering Female 0.02 0.08
Male 0.08 0.32
Total Female 0.20 0.20
Male 0.20 0.40

HE0l F0HA B2 20 2S00 H2EE odds ratio 0 2o H&E=...

8 0.02x0.32

=1, Science: 0= 0 =1 2 AZ =& (conditional)
.08x0.08

1 0
HES PAE 80 2S+E02 H2E2 odds ratio 0l 26 HAE=0...

02x04 _ 2 2 =20l 0t (marginal)

0.2x0.2
-'I'- Sehyug Kwon, Dept. of Statistics, Hannam Univ. @ os
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Ch. 4 Log-linear Model

B2 2AME I &5 =F2 high 2| odds ratio 2| B2 GSMECH S&40] 2 Ui =Ct.
of Ol E=I? oilge d21 88, &5 == 8F2 conditional adds ratio = 6 0ICt.
AS0l FHA 22 &3 Wsto M3 HE2 Xt 6 B =11, 4801 =08 3R A4S
+=F0l =2 A2 W8 83X0F ol2s MBXECH 6 8 =Ch.

2ret Y Jb (X, 2)2F joint SO0 7y =774 j4 Ol Ch(conditionally independence). 2ef
2HAS kOl ol &OHH 7y, =747, 0122 X, Y = marginal S&0ICH =22 Y It

B
N
o

fn

U
o
U

t% X, Y = conditionally, marginally =& 0l Ct.

Mutual independence of X, Y, Z

Y jointly independent of X and Z

X and Y conditionally independent X and Y marginally independent

Figure 5.3 Relationships among types of X-Y independence.

Three-factor interaction model

XZ YZ
Iog(mijk)z,u+ﬂ,ix +A\J( +Af +ﬂ,i>j(Y + A4 ++/1jk

Sehyug Kwon, Dept. of Statistics, Hannam Univ. & s6
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4.3. Log-linear models for 3 dimension

X Y Z XY XZ YZ XYZ
Iog(mijk)=y+ﬂi +ﬂj +ﬂk +/1ij +ﬂ‘ik +A’jk +/1ijk

XYz
/\ijk =Mk — My, ~ M~ Mje TN+ n,;. tNe—m. -

| of the parameters for any index equals zero. That is,

)‘:‘Y=2A;’:z)\f=2)«§y=2/\j}w=’”=z)\,.)l.rkyz=0.
i k i j k

:neral loglinear model for a three-way table is

Table 5.6 Some Loglinear Models for Three-Dimensional Tables

Loglinear Model Symbol
logm,, =wm+AX+2AY +AZ X, Y,
I i J k
logm, =p+AF+A] +Aa;+2a)7 (XY, Z)
logm,, =p+Af +A7 + A7+ AT +2}7 (XY, YZ)
logm , =p+AF+A7 + AL+ A+ A2+ A7 (XY, YZ,XZ)
logm, =p+Af+A; + AL +HAT A+ A+ A ” (XYZ)

=zl
g

XY, 2> 25
XY,2)> Z= (X, NS =g

(XY,YZ) D> Y It FOX B X9 zJt =&
(XY,YZ,XZ) D X, Y, Z2 O MG N2 ZAX =0l oL
XYZ) & X, Y, Z o fd A& N2 xHE S0 oLl 2

H=0 et et

MEO
= =

0 3 X WXt etol gict.

| odds ratio JI CI2

Sehyug Kwon, Dept. of Statistics, Hannam Univ.
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Categorical Data Analysis Ch. 4 Log-linear Model

Example

This analysis reproduces the predicted cell frequencies for Bartlett's data using a log-linear
model of no three-variable interaction (Bishop, Fienberg, and Holland 1975, p. 89). Cuttings of
two different lengths ( Length=short or long) are planted at one of two time points (Time=now

or spring), and their survival status ( Status=dead or alive) is recorded.

title "Eartlett's Data™:
data khartlett:

input Length Time Status wt [{E;

datalines;

111 156 112 54 1 2 1 54 1 2 2 156
2 1 1 107 2 1 2 133 2 2 1 31 2 2 2 209

-

proc catmod data=hartlett:
weight wt:
model Length*Time*3tatus= response
/' noparm noresponse pred=freq:;
loglin Length| Time | 3tatus;

quit;

Response Profiles

RFesponse Lenath Time Status

1 1 1 1

e 1 1 Z

3 1 c 1

4 1 Z Z

5 2 1 1

E b 1 e

i i z 1

bl e z z

Maximum Likelihood &nalvsis of Yariance
Source OF  Chi-Sguare Fr = ChiZsqg
Lenath 1 4,27 0.0388
Time 1 E.84 0. 0089
Length+Time 1 E.84 0. 0089
Status 1 49,92 <, 0001
Length+=Status 1 43,97 <, 0001
Time+5Status 1 84,75 <, 000
meFstatos | 226 o324 |
Likel ihood Ratio ]
3 X WXeot RO|GHA #e8z TE2 s &0,
IogOn”k)z;p+lf +ﬂﬁ«+ﬂ§-+ﬂ§Y-+ﬂﬁ;«+ﬂﬁf
Sehyug Kwon, Dept. of Statistics, Hannam Univ. & ss
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Categorical Data Analysis

Ch. 4 Log-linear Model

proc catmod data=hartlett:

weight wt;

model Length*Time*3tatus= response

/ noparm noresponse pred=fredq:

loglin Length Time S3tatus Length*Time Time*3tatus Length*3tatus:

ruamn;

Mazimum Likelihood &nalvsis of Yariance

Source OF  Chi-Square Pr = Chisg
Lenath 1 2. B4 0,104
Time 1 5. 25 0. 0220
Status 1 45,94 <, 0001
Length=Time 1 525 0.0220
Time+Status 1 95,01 <, 0001

Maximum Likelihood Predicted Yalues for Freguencies

——————— Obzerved Predicted————-
Standard Standard
Length Time Status Frequency Error Frequency Error Residual
1 1 1 156 11, 43022 161, 0961 11.07379 -5.09614
1 1 2 84 8. 754999 78, 90386 7.808613 5. 096139
1 i 1 84 8. 754999 78, 90386 T.808613 5. 096139
1 2 2 156 11.43022 161 . 0961 11.07379 -5.09614
2 1 1 107 9, 750583 101, 8039 8.924304 5. 098139
2 1 2 133 10, 70392 138, 0961 10,33434 -5.09614
2 2 1 | 5. 47713 36, 09614 4.826315 -5.09614
2 2 2 209 12, T38EET 203, 39039 12.21285 5.09614
Time It Status 2| ZHE oi4&ldt)| |5t &XHO-E)E &HelotH...
[Length=1]
Status
) 1 2
Time
1 -5.096 5.096
2 5.096 -5.096
A0l 1Y B Status It 2, Al2t0] 2 B Status Jt 12 JIs&0l =Ct.
[Length=2]
Status
) 1 2
Time
1 5.096 -5.096
2 -5.096 5.096
Al2H0l 1Y B Status Jt 1, Al2t0] 2 B Status Jt 2 2 JIs&0l =C}.
-'I'- Sehyug Kwon, Dept. of Statistics, Hannam Univ. & 50
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