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o423 continuous

o It ))))J Xo| Hojod AT} 250l AR
6 Chance 4-in-3 Chance (Of) CHEIA| 7]9) ZAPK Ui o1, CHF & 242, SH BEA|ZE
Random Variable st&t
s3I g probability density/mass function, &F2%
- SEME 5237 S7FHO QX -9]), M4x(real number)7t (Y L) Etibit A
ol £X measure &
- SHEATO| 2 Zntofl M 22 st 7E (#9) Fo|
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- X=LFZ ST R =>x =2.5,x,=103,x;, =250,. CIX|L| 5210 9F HO| LIRITHH &TH BIz= 0.520|Ct 100081 S EHX|L|
c X=FMRI E2 > =1L, x,=3,x=4,... 515810 L HO|AUCHH L BI== 0.5150|Ct.



P(A) = lim L, BHUAZE A BB, n=A1%] 514, f-ALZ A7} A3t 514
n—oo N

S EHX|7| HAL
Count Buffon (1707-1788): 404081 S EX|7| A QM 20483,
P(2t™)= 0.5069
Karl Pearson (1900): 24, 000 ©X|7| &M 12,012, P(2'1)=0.5005
John Kerrich : 10,000 EX|7|, 2™ 5067 heads, P(2™)=0.5067.
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(71&) F(x) = P(X < x)

(O|AF) p(x) = F(x) — F(x — ) (Asd) Fix) = J fx)dx

—o0

1) H|ZEA &t non-decreasing => 2t x; < x,0|™ F(x,) < F(x,)0|Ct

2)F(—00) =0, F(co) = 1



7|cHZt expected value
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. &E40| 21} 20| 25Hs| AHES 0 LIEHHs 7|chels 2
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. (FARQ| =22| 7(chzh 35
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- DECHHOIH : EX) =y, E2HOIH : EX) =%
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HI

. (x — E(X))2Q| 7|CHZI0| £ : V(X) = E(X — E(X))>
- (ZHHAD V(X)) = E(X?) — E(X)?
- DEEOOIE : V(X) =62 E& HOIH : V(X) = 52

AS=H 1 *)0|5t 2 E ASEM= Hogg And Craig 2|57 =X

[y =L

T 2 4 6 8 10 | 11 | 12
1 2 3 4 5 6 5 4 3 2 1
Px(Z) | 35 | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36

(B2)) () 2= &&2 0Lt A0t (2) =&E2| &2 10|Ct.
(3) 7|thgtzt 24kS F1SHA L.

E(X):pr(x)zz*i+3*i+...+12*i=7
36 36 36

X

V(X) = E(XX?) — E(X)* = Z x2p(x) — 7%=5.83

x=seq(2,12)
px=c(1/36,2/36,3/36,4/36,5/36,6/36,5/36,4/36,3/36,2/36,1/36)
sum(px)

ex=sum(x*px);ex

sum(xA2*px)-ex~ 2

xp=function(x){x*2*(1-x)}
x2p=function(x){x/2*2*(1-x)}
integrate(xp,0,1)
integrate(x2p,0,1)

> ex=integrate(xp,0,1);ex
©0.3333333 with absolute error < 3.7e-15

ex=integrate(xp,®,1) #ex = "0.3333333 with absolute error < 3.7e-15"
ex2=integrate(x2p,0,1) #exZ = "0.1666667 with absolute error < 1.9e-15"
6*as.numeric(ex[1])+3*as.numeric(ex2[1]) #E(EX+3XA2)
as.numeric(ex2[1])-as.numeric(ex[1])42 #variance



Example 1.8.4. Let X have the pdf

f2(1-2z) O<z<1
f(z) = { 0 elsewhere.

Then

E(X)=/°ca:f(1:)dx = /Ol(:l:)2(1—:l:)d:z=

E(X?) = /w 2 f(z)der =

and, of course,

/1(x2)2(l —x)dr =
0

1

b )

:
6’

av2\ _ l , l B §
E(6X +3X )_6(3>+3(6) S
ASEM 2
0 z <0
Fx(z)=1{ z/2 0<z<1
<z
Chee X sELU=so|ct 1 1<z
MP(-1<X<1/2)
QprPXx=1)

=
cx r=12,...,10
0

CHE2 &SR0\ &= cE FotA L.

=
- e 0<z<?2
10 elsewhere,

1.5.8. Given the cdf

0 Tz < -1
F(z) = %3 ~l1<z<l
1 1<z,

sketch the graph of F(z) and then compute: (a) P(—.} <X < i) (b) P(X = 0);
(¢) P(X =1); (d) P(2< X <3).

1.7.7. Let f(z) = 1/2%, 1 < z < o0, zero elsewhere, be the pdf of X. If C, = {z:
1<z <2}and C; = {z:4 <z <5}, find Px(C, UC;) and Px(C, NCy).
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1.7.9. A median of a distribution of one random variable X of the discrete or
continuous type is a value of z such that P(X < z) < ; and P(X <z) > ; If
there is only one such z, it is called the median of the distribution. Find the median
of each of the following distributions:

(a) p(z) = #ix)!(ql)‘”(%)“‘x, z=0,1,2,3,4, zero elsewhere.
(b) f(z) =322, 0 <z < 1, zero elsewhere.

(c) flz)= b 1+x

-0 < T < OC.

1.7.10. Let 0 < p < 1. A (100p)th percentile (quantile of order p) of the
distribution of a random variable X is a value £, such that P(X < &) < p and
P(X < &,) > p. Find the 20th percentile of the distribution that has pdf f(z) =
423, 0 < x < 1, zero elsewhere.

1.9.1. Find the mean and variance, if they exist, of each
tions.

(a) p(z) = ;rﬁ"lﬁr(%)s x =0,1,2,3, zero elsewhere.
(b) f(z) =6x(1 —z), 0 <z < 1, zero elsewhere.

(c) f(z)=2/2% 1 <z < oo, zero elsewhere.

1.9.2. Let p(z) = ( ), x=1,2,3,..., zero elsewhere, be the pmf of the random
variable X. Find tlw mgf, the mean, xm(l the variance of X.

1.9.8. Let X be a random variable such that E[(X — b)?] exists for all real b. Show
that E[(X — b)?] is a minimum when b = E(X).

1.9.9. Let X be a random variable of the continuous type that has pdf f(z). If m
is the unique median of the distribution of X and b is a real constant, show that

E(|X —b]) = E(|X — m]) +'2f(b—1)f(x)dz,

provided that the expectations exist. For what value of b is E(|X — b|) a minimum?
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SEX

H|24%0]| Bernoulli 2= X~B(p)

2)8E &E2 p= O LIt
3) 2= AE MZ =SEo|cf. 2t Aio| 2= CHE e 20| Feks
O|X|X| =Ct

H|250| 2tEt
- (HQ|) X = H|250| A3 Z1t
« (X9 H12]) X=0, 1(sucess)

c BERRSE p()=p*1 =-p), x=0,1
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- HEEX)=p =4 V(X) = p(1 - p)

0 ' - 2= 08 EX : QlE{El O|0]X| AL
A

p=E=(parameter), 2 &H s HE| ZHIEZ 2tEAM Jts

0|} Binomial 23 X~B(n,p)

(FQ]) X = nHe| H|Z50| Al Aut H52| 3¢
e ML) x=0,1;2,

EUCER) p(x) = (’;)pm —p x=0,1,2,...,n
(") EX) =np (L) V(X) =np( —p)

Binomial Distnbution PDF

ll|‘ ls 111|||H” |lh

,,,,,,,,,,,,,,,,,

a B 2 % % B &

715} Geometric 2% X~G(p)

(Eel1) X = 11 d37HX| Al>lst H|Z50] 8
(F22) X = 20| AI0i|M 1 Hui77tX] 4= 34~ *)NB
(Xe| M2y x ="1,2.3,.
DR e

EUEL) px) = p(l —p)x—l, =D
EEUCE2) p(x) =p*(1 -p), x=0,1,2,...

) EX) = 1/p () V(X) =1 - p)/p?
("H#2) EX) =p/(1 —p) (BA2) V(X)) =p/(1 -p)*

1.0 1.0
o p=0.2 e p=0.2
0.8F ¢ e p=0.5 0.8k e p=0.5
o p:OS o p=08
< 0.6 % 0.6
K L
0.4 0.4
» -
0.2 © 0.2
“ e — “ e —
0.0 o 8958888 00 >—5 8088866
0 2 4 b 8 10 0 2 4 3 8 10
X X
>
E(Y)=) (1-p)*p-k
k=0
>
= pZ(l —p)k
k=0
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= p(1 — —_ (1 -
= p(1-p) dp Z;) p)*
d 1 1 -
a-n ()= 1=r
p \ P P £S5 : 97|70
20|gt Negative Binomial 2% X~NB(r,p)

(") X = HIZSO0[ AJHOf|A] rtH
e Bl =070
UEEHA) p(x) = (; £7= 1>px(1 S e e

= pri(1 —p) (BA) V(X) = pr/(1 — p)*
Negative Binomial PDF (p = 0.5)
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Probabilay

Number of successes (k)

-0 M=« W=70

¥ 0}4 Poisson 2% X~Poi( 1)
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. EE2) AIZE BIROIA olo] A7 4T 5140 BHAS 2= B
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% F7E 5te 12 £(12) S0] ojojct,

OIS ZENA
- AZtO|Lt A S 2F 27| A= BLOLOF SHLFe| AFZ10]
71| RIS = LEEXL (02 X~(n, p))

W0 LIRS

lim ("]p"(l ~p)Y'"* = lim ("](i)-‘(l _Ayrex
n—eo| X n—ee| X n n

t —
3._ lim (1 ),, n(n=1)....(n—x+1) (1
X! nse n n*
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Hypergeometric distributions compared
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10 goxl

S0 S10717F 2 OF2[(N) [AS7F?

Aol CHE E217|E K 02| & E=C
28 AlZHo| X[t = nbf2| 2107(E &= a0l
(gol) X = Mo| CHE =117|

(Xe| HMN X =0,1,2,..., minK,n)

%75t HG(N,K;n) I
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INR

ASEH : (0] 2Hd)

dnorm(x, 0, 1)
02 03 04

0.1

> pnorm(1,0,1)

> dnorm(1,0,1)
[1] 0.2419707

[1] 0.8413447
o | =
o T T T T T T !
-3 -2 -1 0 1 2 3
> gnorm(9.84,0,1)
[1] 0.9944579
B 715
d*(x, 2) SIEULS =E ZF, f(x)
p*(x, p, 2) =xete 728 F(x)
a*(p, 2 ARxets 2k, F-(p)
r*(n, 2= =xste == H0|E n7i HEHSHA MM
OJetEE *binom(A|&l S|, p)
ZOFSEE *pois(A)
20|22 I *nbinom(size=A23|4 x=AT{<, p)
Z7|5H=2 2 hyper(ZH&7H4=M,N-M, E 27 )

3.1.4. Let the independent random variables X;, X3, X3 have the same pdf f(z) =
322, 0 < z < 1, zero elsewhere. Find the probability that exactly two of these three
variables exceed l

3.1.23. Let X have a geometric distribution. Show that
P X>k+j|X>k)=P(X >j), (3.1.9)

where k and j are nonnegative integers. Note that we sometimes say in this situation
that X is memoryless.

3.1.5. Let Y be the number of successes in n independent repetitions of a random
experiment having the probability of success p = 5. If n = 3, compute P(2 < Y);
if n =5, compute P(3 <Y).

3.1.6. Let Y be the number of successes throughout n independent repetitions of
a random experiment with probability of success p = §. Determine the smallest
value of n so that P(1 <Y') > 0.70.

-

3.2.8. Let the number of chocolate chips in a certain type of cookie have a Poisson
distribution. We want the probability that a cookie of this type contains at least
two chocolate chips to be greater than 0.99. Find the smallest value of the mean
that the distribution can take.

3.2.11. Let X have a Poisson distribution. If P(X = 1) = P(X = 3), find the
mode of the distribution.

3.2.12. Let X have a Poisson distribution with mean 1. Compute, if it exists, the
expected value E(X!).

Xi



3.1.27. Consider a shipment of 1000 items into a factory. Suppose the factory
can tolerate about 5% defective items. Let X be the number of defective items
in a sample without replacement of size n = 10. Suppose the factory returns the
shipment if X > 2.

(a) Obtain the probability that the factory returns a shipment of items which has
5% defective items.

(b) Suppose the shipment has 10% defective items. Obtain the probability that
the factory returns such a shipment.

(¢) Obtain approximations to the probabilities in parts (a) and (b) using appro-
priate binomial distributions.
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XNas o3 I A% BAI S A% ©2 82 0.2010.
@3IM BAAM M8 AFIF WAE AEBS AN,
@7 BAAM PR SR AW ABES AN,
@R 3M WAE WNX AFE A2 SIACH. F B HT AFHOF SHLE?

H&E2 10%= EE0I0 MS& dtL4 SAeiE UFUA

(1) ¥ SE30| 28 SAMUHAH B2E HBS AL,

(2)521 M AEOIA A Bl E& HS0 R2E RBE AN,

(B)5BIM AlE |2 1 & ANYHAH A Bl E& HS0| 28 VS NN,

AR BF A XROI 20060F WOf UCH SHE USAZ | JNEHE 23 EF ML ed
Fo SO, oFef 4R BE MDD UE AN Sct SAR

(1AL 408 PN FE AWE?

(2)ZAIBlE S ALt & EE AR DI HWSE?

ER0 MASE YWY S(N)E =H3I2D 0. M2 YWMYE 0l HAS E0ID
EOb FACHL LI 120l Xt & n0i2l YBYE JOF HA OB SOISACL nOt2
E HAO U= YWY 48 HJFHS X2 HOISHK. 221D M=4,n=3012} H}FEIX.
MPX =) RBE ISAL.

RPX =18 O 8= 2TC YWY 4+ N§ SHHAL.

R0 AANSIE RERS 2= 1 Acre 8 BZ 50121012 Z01s =28 MGECD SHA.
10 Acrel® AT ZASIASE O SRS SiLI: 22X 2@ HWE?

B BAIZH JY Al = JIHI HA ME 8l4E= HZO0| 20 HOls 2E8E MGE0,
(1)4A12F RABIACLE JIHI 2K US RBE HASAL.
(2)81% 242 (50-2X-X2)O0ICL T AT HABIAIL.
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