Mathematical Statistics

Chapter 8. Properties of Point Estimator and Estimation Methods
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Mathematical Statistics Chapter 8. Properties of Point Estimator and Estimation Methods

THEOREM
IO |imV(6,)=02 2ESls BB =Y = LX =H0|C}
nN—oo
PROOF
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Mathematical Statistics Chapter 8. Properties of Point Estimator and Estimation Methods

THEOREM
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Chapter 8. Properties of Point Estimator and Estimation Methods

Slutsky’s THEOREM
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Ol #EX2=Z 10l 2AStCHH (converge in probability) U, /W, & BEEEA=ZXZE WHECLH
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Chapter 8. Properties of Point Estimator and Estimation Methods
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Chapter 8. Properties of Point Estimator and Estimation Methods

KSR p, p, (g — 15), (P — pz),O'Z 2 =8X

8.3 Sufficiency
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Mathematical Statistics Chapter 8. Properties of Point Estimator and Estimation Methods

DIFINITION (Likelihood function & &%)

BEHE (X1, X,,..X,) 2 ZEEHEZEEFE 2+ 0= 1oty LIEH 88 2 &
s=ct etlh.

L(Xg, Xg 1000 X3 6) = P(Xg;0) P(X2; 60)-...p (X 0) (O] 2F)
= (x;0) T (x2;0).... T (x,;0)(15)

THEOREM (Factorization criterion)
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Mathematical Statistics Chapter 8. Properties of Point Estimator and Estimation Methods
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lLehmann and Scheffé 2|

L(Y1, Y29 Yni0) o o = C
2 24 90 E3HK L=CH. iif Yo Yn) = ,Xg ey X)) -
L0 Xy X0 0) 0o it g(y1, Yoren Yn) = 9%, X0 X))

o
1
(@]
o

gAY = UAS = UAUHE 012 2= 62 Minimal = SHZO0ICH

SHEO0| *= HZ 2 Completeness(2t818)et &Lt

_9

DA 90 St 2B =X2F ¢ 9 Factorization criterion®] =2 SH2 U 2 JIX D =26}

R-B ZclE HEotH za=24 2 FHE(MVUE: Minimum Variance Unbiased Estimator)S

2H =CH ()FactorizationOfl 2ol &= SHE U 2 FotD QU 2 &+2 & EH =3
o

£ 22 012401 R-B H2lol 25t MVUEDJH &L,

%@\/&(\9 EXAMPLE 8.10

|2t OtXt. Factorization criterionOl 2| al

(X1, X5, X)) 2 Bernoulli(p) CZ2EH =#sH=0ld
= p2 MVUES 22 = ULChL

0
(minimal )2 SHES FotAI2. 0|21 28H &2

c
=

2 L(Xg, X2 X3 0) = POX; 0) P(Xg; 0).reeP(X 6) = PZT (1 )25,

o

o
-
g(levé - p) p A (1 p)n X 1 I (X1|X21----1Xn) 1

Factorization criterion0ll 2ol U =3 X; = & SHZO0ICH

Cc
™
X

SHE E(U)=np0l22 —=="12 2@ =32f0|C}

= = SHES 0111 =¥ FFE0/22 R-B /0l 25 MVUEOICH

@\% EXAMPLE 8.11
V/‘t/

2
Xy, X5 X)) S Weibull(y:2,0),f(x;H):(%X)e’X 10 x>0 O25FH HSE=0/2 51k 24

02 MVUES E2AIL.
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c
ol
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o
e

2
b2 (X0, Xg ooy X5 0) = (X3 0) T (X5 6)....F (X3 6) = (%)”e_zxi 10 5 (%g x Xp X% X)) |

2 _yy2
9(Zx;:0) = ()" X0 (Xg, Xg oo X ) = (Xg X X XX X))

Factorization criterion0fl 25 U=y X? = &2 SH0IC}

OlHl 22l 24 00| et 28 =HZ2 A0k 8tCH W =Xx20l2+ 5t X

fiyy (W) = fy (JW)(% =%e-W’9 ~ exp(0)

02122 EW)=60ICh E(X2)=¢. 22122 E(XX2)=nd. = E(XX2/n)=0

Hg U=y Xx? 2o 84022 RB Hel

2
I o
o
I
=
Sk
0%
o
o
kJ
Of
B
o

=\
E\&O EXAMPLE 8.12 (two parameter case)

(X1, X5, X,) 2 Normal(u,0?) Q2FEH HEE=0/2t otk 22 (4,02) Ol HEH MVUES
A2,

L0002 X010) = £ 003 0) 060300 (00 0) = (=) exp—— 20 = 4)?)

J_ 7o
)" eXP{——}eXP{——(Z X =243 %)}

c
=

ol

o A
e e

'\/ o
Factorization criterion0l 213 (X X;, X X?2)= (i, 02)0l 8 joint B2 S HZH0ICH

Rele B2 400 HE 2B =HZ2 242t X,520|CH

rr

X,82= @2 4020 (st 2 =H20|D B2 EHS (IX;,TX2)2 840122 RB &
210l 23 MVUEOICH.
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Q ,-7 HOMEWORK #16-1

St

(X, X0 X)) 2 Exp(e),f(x;e):%e‘xw,x>0 oczuf =HET=02 51K 24 o0 Of

ro

MVUEZS 2 2AI2.

@27 HOMEWORK #16-2

(X1, X5,..X,,) S Poisson(1=0) 22 2E HEH=20/2} 5t 2400 UIE MVUES 2OAIL.

%;\/&:\ EXAMPLE 8.13 (function of parameter

(X1, X0 X)) 2 exp(H),f(x;H):%e_X/g,x>O O2EEH HETE0/2 51X V(X) Sl MVUES

2OAIR.

o

&)

n

E(Xj)=6,V(X;)=0% 0|Ct. HOMEWORK16-10{l 23 > X; = 00 g ES2EH 2
i=1

QULCH.

2
E(X?) =V () +ERP = L-+02 = (502

. n
01252H (Ll)ng V(X)=60%2 2B X200 E2 SHY ¥ X; o 40122 RB X
n+ K

cl0ll 2l MVUEOILC!.

T\ A
3\;\52\\\&) EXAMPLE 8.14 (A2 11240 28)

2
SE &0l Weibull(7=2,9),f(x;e)z(%()e‘x 10 x>0 MECD 514 0|22 SSES (0,637,

1.531, 0.733, 2.256, 2.364, 1,601, 0.152, 1.826, 1.868, 1.126)S ULt 2= 60 &

95% Al2| 7 2Hconfidence interval)E 29 AI2L.
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Mathematical Statistics

Chapter 8. Properties of Point Estimator and Estimation Methods

EXAMPLE 8.112] ZDI2EEH yX2/n2 22 00l 0s MVUEOILCH.

L2lE A0A W=X2~expd) U2 LUCH AZF2AZS P8I 2AGHH pivotal SHEBS 42

off 2 At

2X2 _ 0w2x2
le (df =2) (MGF Z&: =95 £2h) 1422 ZTIW (df = 20) (additivity)
i=1

10 2 10 2
) 10 2% X; 2% X;
P(a< SIX 2 <) =0.95> P( ':1b <@<—L)=0.95 (1.442,5.139)
i=1 a

72(df =20,0/2=0.025) E2LFE a=9591b=3417012 HIOIHZ2EE ¥ X? =24.643

2
@gﬁz HOMEWORK #16-3
NS

(1Bt 522 L JACHH, BE2HZ X0 24 40l st MVUEL S 20IAI2.

S 2D AL, SZ=F(X;-w)?/n0l 2= 20 S MVUEL S 20IAI2.

©
=
2
=

@5%7 HOMEWORK #16-4

Xy, Xp0X,) 2 f(x;H):%,O<x<¢9 C2oE HEE=202} 51K

=N SHE Xy =max(x, Xp,..%) = 0IS6t0d 2= 60l et MVUEZ S +otAI2.

(g, 02), BEBE2 (Y1,Y5,.¥,) 2 N(up,02) S 2D N2 =
el @2 (i —up) Ol THEH MVUES 2OAIQ.

g
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8.5 The method of Moments

Ol EREE 224 g0 Wt 8 FHIS Aot LS AMNSIDX SH0H JHE Q@ 2y
Z 5HLE X Z(method of moment) ZHES 08 HHA 5 O NME 20l 2l 2 X
2k (Maximum Likelihood estimator) 232 2 WM =235t0|2 &L
Ng gy e 2+EHaHCh

(X, X0 X)) S 2 f(x0) 222 SHEHT=20/2} oHAL

DR kI HES 4 —E(XK) 0D E=O kX MBS my =y XK 0l
HE gy

we=m 0l2t 10 28 20| st & =S 2 =0 2201 8 ) ola0|H Hs

Ol OB LHAIS @20 2013 AN AIREH S0
%\?;\\fﬁ;%\ EXAMPLE 8.15
==0©
(X1, X5, X)) 2 Uniform(0,0) S22 ST 20/t otk 24 00 s & =H2S NE
SHH O 2o PEHAIL.
DES WAL =B, yle(Xl):g, B2 BRAX HE) m -ty xi-X

n

OMEZ §/2=X 22H 0=2X B ZHYS A=[} §=2X S 2B ZTH(?)0ICL
T\ B\
) EXAMPLE 8.16
AEEN
(X1, X5, X)) 2 Uniform(0,0) SR 2H HSHE=0l2t otk B0 s =™ §=2X I} L
Xl EXEAS BOIAIL.
28 =202 lim V(@)= limV(2X,)=00/22 HOIXl 752 Hzlol o LX =H0ICH

N—o0 N—oo

EXAMPLE 8.16 GIIMIOIA =SS0l Oloh ¢S =S Ax FHLAS BUCL 0l HS0
ogh ¢S HE BFAS DAC RO UX| F=HTAS LUC (HIOIX 75, 29 HE) 1Y
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OS2 Mg 9HOo=2 U= F EFIS UK FHTYS 2 4 ACH (LAK)
020D MBOl o6 22 FH0| = MVUES! 212 OHLICH EXAMPLE 8.1501A 24 60|
thst MVUEE &N SHE X(n)%% 2 ALt (HOMEWORK #16-1)

O3 HE0 s RS =W TP I 4T UD O 45 ACL 247F HRO)
23 NE0 oS =TS 2H FHZY A0ICL 1AL OS HKE X

%_\f/%(\ EXAMPLE 8.17

(X1, X, X,) & Gamma(a, f) C2SE HEE=012t 61k 24 (o, f) 0l HEt & =8
XE 9o s PoHAIL.

nio

Y 2 v 2 2
~ P X; =X
Go— X 5 ROGX g
CXPI-X7 (X -X) X
EH =JI2 OILICL(BYoIl OA SXEIXL) X & o 2 LX =HS0/1, iZXiZ 2
n
af? +(@f)? e LT EHLOIC. 122 A (10 AAS WA 4,5 22 4,59 2

Xl =EEO0IC

8t Factorization criterion0Oll 2o ¥ X; @ [[X; It & SHZO0ICH HE0 2o 8 =&

g 1= 2Y S=2 SAHAES g=Jt OtLITH 122 MVUEDJH OFLICH

R0l ool P =TS UK FHY
GCh & 2S 4 ACHs IHOZ QGG =JHES OlaH5HIl SI5t0] AIZFoOl Lk,

g
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2
@;:?& HOMEWORK #16-6
NS

(X;,X,,.X,) S Poisson(1) C22EC SEE=0/CH HBUH0 Qs 24+ 19 B IS

oAl L.

57
S HOMEWORK #16-7

(X4, Xp0 X)) 2 Normal(u,o2) S22EO SHEBHE=20/CH HSYH A 24 (4,02) 2 H

=dE=S FotAL.

pe
. HOMEWORK #16-8
é}_@j

=

(X1 X5,.X,) S Uniform(0,30) C22E HESHE=0ICH HSUN s 24 02 & =5

&S FotAIL.

8.6 Method of Maximum Likelihood

{5t04 (1)Factorial criterion0il 2ol 2 SHES ot Q2 SHE2 &
=3¥gs ot R-B Hclol 2o 0l0l MVUEOICH U =3
X

| Ot2 2Ct (miss or hit)

BB, ME( Ol8t FHYS UK BRGIXL BHS, MVUES O IS0l =Ch OIX|
MVUEQ JHS&0l =2 £F W#S ANGIDX 80 =22 (+TE) HST(G0IE)0 of
H 24 Y YR 1 AS0l FZE IS0 I 52017 018 HH RS =Holet B0

ZO{U =00 20l 300 SO QUCH 2O MZ2 512, MY 2 ACH DAL 28 E A Sof
AeXs DECID JIESGIA. 2040 22 B|OF M2 ED =0UN U= 2O MS UE[D
5IXL. 2 20HS |UCLI TFOIQUCH JD&? =0LIS 229
_ _ 2Y1) (3 _ _ 3) (3
5loF 2 BE: 1/3( 17D, mer 22 =s:1(0 |0 ))
200/ 12 2)\2

e 201 Jtsd0l =0, Ol 20 et = &= ot =0
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Maximum Likelihood Estimator

10

2 m
40

B L(X, X2 e X3 01,05,.,6) & ZUE Gl 2% A2 FTHOIH (0,,60,,..,6,) 2
c

ﬂ

@\% EXAMPLE 8.18
==

(X1, X5,..X,) 2 Bernoulli(p) 222 H &ESHE0Ict otk 25 pOll CHEF MLES F5HAI2.

21 L(X, X Xn: P) =TT £ (x5 p) =1 P (@ p)' 7 = p2%i (1 p)" 2%

2c g
L& B+E zlUist ot 2 A4S FEC? poll UHoH 026t OAXS 022 6t &
& g= 22 p0il CHol HlZ 2 (non-decreasing) &=0122 max L < maxIn(L)

P p

INL(Xy, X2, Xp; P) =2 X IN p+(N=2 %) In(l—p) = maxIn L:—a(:; b _o
P p

n -1 XX
X/ p)+(n—ZXi)(m)=0:> p=—r: MLE

@\/:é\\\(@ EXAMPLE 8.19
==

(X1, X5, X,) 2 Normal(u,o?) C22H 22X =20l2t 6tk 22 (4,02) 0l TS MLE?

1 -1
FLO0 Xz X0 00 2) =TT (X1 P) = (=) "2 expl— 2 (% - )]
2no 20

c
=

o

o
e

In L(Xl! X21'--a Xn;/u,az) :_Eln 02 _ﬂln ZE—LZ(XI —Iu)z
2 2 202

onL) 1 . - o a(nl)_ n 1 1 a2l
G 5r S =0, TS )y B0 =) =0

a=X,62 =lz(xi —%)?: MLE
n
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@\/EE‘;\\\(\O EXAMPLE 8.20

==

(X1, X,,..X,) S Uniform(0,0) S22 F SHEHE=0l2t 51X, 24 00 CHst MLE?

= 1 1
P g L(lele---,xnw,ﬂz):Hf(Xi:|0)=l_[51(0,e)(xi)=(5)nl_[1(o,e)(xi)
OlZotd =IOt fl= 92 7€ = Sl 2% &2 2H 90l ¥2+5 AL O
Lt M R2A(KRIA &=)0 25tH gt B= 2=X20 HOF 8t DAHEZ =N SHEE

X (ny 01 MLEOICF.

MLE 2= HES 2 L(xg, Xp,....Xy;0) S E & 80 &0l Factorization criterionOfl 2|0t
L%, Xp e X3 0) = g(U; DN(X, %0, X, ) 22 & 2= ULHL (U E S SHE)
INL(Xg, X2, Xp; 6) = In[g(u; O)] + In[h(xq, X2...., X )]
dEZ2 InL £ zIH3t ot 24 &= A2 In[gu;09)] = zU3 ol 28 = AD
2GtC 0222 MLE= &2 SHE U 2 &=0ICt OlH MLES &5 HEsotH suy

o OHI |

-

2 ot R-B H2lol o O =& 0l MVUEOILH.

EXAMPLE 8.18 & E(p) = E( )0|D§ p= MVUEOIC},
EXAMPLE 8.19 2 E(u)=E(X)=u 022 X = MVUEOIC}.

EGH)-EC (-0 -"t0 0122 52 = MVUEOILH
EXAMPLE 8.20 & E(0) = E(X(n))_—H oez ”—”x(n)m MVUEDO|C.

Invariance property of Maximum Likelihood Estimator
Mg 9= 24 99 MLE ZHZ0ID t() = 69 LUY 82t 6HAL t(F) & MLE

=g 1(0) 0l = t(6)=t(0)

g
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—

%_\::/\\%\9 EXAMPLE 8.21

==

(Xy,X5,..X,) 2 Bernoulli(p) 222 H 85X 20l 6tA V(X) 0l TSt MLES FGHAI2.

N

V(X)=np(-p)=t(p) Invariance property of MLEOI 2lall V(X)=np(l-p)= n(%)(l—%)

2
ol =Eze 2 =mze oflLM, 2Has 2c= xxste 1 (Da-Y) mvue
n-1"n n
=29
)
N HOMEWORK #17-1
L

(X1, X,,...X,) & Poisson(1) 222 H &S HE0I2t GHAL
(122 A0 OISt MLE 12 REIAIQ. 1= 2= =30
@yx = 22 SEHTAS B0IA. 22 10

(B)P(X =0) 2 MLE

i
4
ol
=
HO

pe
S HOMEWORK #17-2
Q@j

(X1, X5,..X ) ~ (iid)Exp(6 = mean) . 622 MLES 751 MVUEE 56HAIR.

=

£ \\37 HOMEWORK #17-3

(Xl,XZ,...Xn)~(iid)f(x;H):ﬁ,03x£20+1. 02 MLEZ R3IAI2.
+

2
@ggﬁ? HOMEWORK #17-4
S

(X1 =120, X, =130, X3 =128) ~ (iid)Gamma(a = 2, 6) .

g

P4 02 MLE FEHH=S 2o6IAIL. MLE =32 MVUERIDH?
@ 24 029 MLE F=EXIE FotAI2.
B=EXs =H3E(A)S 0I26t0d Z2 G028 78 2t0ICt.
efyug Kwon , Prof . Dept. of Statistics, o
SHACHSHD Sehyug K; rofessor, Dept. of Statistics ¥

Hannam University S http://wolfpack.hannam.ac.kr& 2010 Fall



